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Abstract
The scenario of an emergent universe provides a promising resolution to the big bang sin-
gularity in universes with positive or negative spatial curvature. It however remains unclear
whether the scenario can be successfully implemented in a spatially flat universe which seems
to be favored by present cosmological observations. In this paper, we study the stability of
Einstein static state solutions in a spatially flat Shtanov-Sahni braneworld scenario. With a
negative dark radiation term included and assuming a scalar field as the only matter energy
component, we find that the universe can stay at an Einstein static state past eternally and
then evolve to an inflation phase naturally as the scalar field climbs up its potential slowly. In
addition, we also propose a concrete potential of the scalar field that realizes this scenario.
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I. INTRODUCTION
Although most of the mysteries in the standard hot big bang cosmological model can
be resolved by an inflation epoch [1, 2], the existence of the big bang singularity in the
very early universe remains an open issue. To resolve the problem, Ellis et al. proposed
an emergent scenario [3, 4], in which the universe originates from an Einstein static state
rather than a big bang singularity with the assumption that the spatial curvature is pos-
itive, stays there past eternally and then evolves to an inflation. However, the original
version of the emergent scenario in the framework of general relativity does not seem to
resolve the big bang singularity problem successfully as expected since the Einstein static
state is unstable under homogeneous perturbations [5]1. On the other hand, in the very
early era, the standard Friedmann equation that governs the dynamics of the universe is
very likely to be modified, since the universe is presumably under extreme physical con-
ditions. In this regard, it has been found that, in theories including braneworld scenario,
modified gravity, quantum gravity, and so on, a stable Einstein static state universe can
be obtained [7–13]. So, an emergent universe can still be regarded as a viable resolution
of the big bang singularity in those cases.
Furthermore, a stable Einstein static state can also exist in an open universe in Horava-
Lifshitz gravity, f(T ) gravity, massive gravity and loop quantum cosmology with modifi-
cations to the gravitational sector [10–12] besides the aforementioned positive curvature
cosmological models. Thus, the big bang singularity problem can be resolved successfully
in the emergent universe scenario irrespective of whether the spatial curvature is positive
or negative.
However, the astronomical observations indicate that the universe is very likely spa-
tially flat [14]. Therefore, it remains interesting to examine whether the emergent scenario
can be successfully implemented in a spatially flat universe. In this paper, we plan to re-
search the stability of Einstein static state universe in the Shtanov-Sahni (SS) braneworld
scenario without the spatial curvature term [15]. The braneworld theory is based on su-
1 Let us note here that the Einstein static universe has been shown however, by Gibbons [6] and Barrow
et al. [7], to be rather stable against inhomogeneous distortions.
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perstring theory (M theory), in which our 1 + 3 dimension observable universe (“brane”)
is embedded in a 1 + 3 + d dimension spacetime (“bulk”). Ordinary particles and fields
are confined on the brane while gravity has no such constraint and can access the bulk
freely. The SS brane scenario is obtained when the bulk only has a noncompact time-
like fifth dimension and the bane tension is negative. If this extra dimension is spacelike
and the brane tension is positive, one then obtains the famous Randall-Sundrum (RS)
braneworld [16, 17].
Let us note that the extra dimensions are usually assumed to be spacelike. However,
the existence of extra timelike dimensions is a possibility that one can not excluded a
prior. The main problems for typical theories with extra timelike dimensions are that
they suffer from pathologies such as unitarity and causality violations [18]. These prob-
lems arise from the fact that the Kaluza-Klein (KK) gravitons have an imaginary mass
and behave like tachyons, which lead to an imaginary part in the effective gravitational po-
tential of two objects. The violation of causality and unitarity in the low-energy processes
occur if the induced imaginary part is interpreted as an amplitude for the disappearance
into nothing. Interpreted this way, rather severe bounds can be put on the size of extra
timelike dimension by the experiments. Interestingly, the induced imaginary part of the
gravitational potential can also be interpreted as an artifact of the fictitious decay into the
unphysical negative energy tachyons, and then the size of extra timelike dimension can
be within the reach of the proposed gravitational experiments [19]. Nevertheless, extra
timelike dimensions have been considered for the purpose of addressing the cosmological
constant problem in KK theories [20], reconciling a solution of the hierarchy problem
with the cosmological expansion of the universe [21] and obtaining the bounce cosmic sce-
nario [15, 22]. At the same time, it has been demonstrated that there are no tachyons or
ghosts in the five-dimensional Einstein-Hilbert-Gauss-Bonnet theory with extra timelike
dimension [23], and the appearance of massless ghosts in an effective four-dimensional
theory can be avoided by considering topological criteria in KK theories with extra com-
pactified timelike dimensions [24]. Furthermore, the avoidance of propagating tachyonic
states may also be achieved in the case of a noncompact timelike extra dimension [23] as
is in the SS braneworld scenario we are considering in this paper.
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II. FRIEDMANN EQUATION IN THE SS BRANEWORLD
The action for the SS braneworld scenario can be written in the following general
form [15]
S = M3
[ ∫
bulk
√−ǫgd5x(R− 2Λ)− 2ǫ
∫
brane
√
−hd4xK
]
(1)
+
∫
brane
√
−hd4x(m2R − 2σ) +
∫
brane
√
−hd4xL(hab, φ) ,
where R is the scalar curvature of the five-dimensional metric gab in the bulk, and R
is the scalar curvature of the induced metric hab = gab − ǫnanb on the brane with na
being the vector field of the inner unit normal to the brane. K is the trace of the
symmetric tensor of the extrinsic curvature Kab = h
c
a▽cnb of the brane. ǫ = 1 and −1
correspond to the spacelike and timelike extra dimensions, respectively. L(hab, φ) denotes
the Lagrangian density of the four-dimensional matter fields φ restricted on the brane.
M and m are respectively the five-dimensional and four-dimensional Planck masses, Λ
is the five-dimensional cosmological constant and σ is the brane tension. g and h are,
respectively, the determinants of the matrix of the metric in the bulk and on the brane.
For the case of an arbitrary signature of the extra dimension and an arbitrary Ricci-flat
vacuum brane, the five-dimension metric has the form
ds2 = ǫdy2 + exp
(
− ǫσ
3M3
y
)
hαβdx
αdxβ . (2)
Here the brane is situated at y = 0 and the bulk coordinate is in the range y ≥ 0.
For a homogeneous and isotropic spatially-flat universe on the brane, whose metric is
expressed as hαβ = diag(−1, a(t), a(t), a(t)) with a being the scale factor and t the cosmic
time, the standard Friedmann equation is found to be modified as
H2 =
2ǫσ
M6
ρ+
ǫ
M6
ρ2 +
C
a4
+
1
3
(
Λ
2
+
ǫσ2
3M6
)
, (3)
whereH = a˙
a
with an overdot denoting a derivative with respect to t, ρ is the cosmic energy
density, and C is an integration constant characterizing an effective “dark radiation”,
which is induced from the projection of the five-dimensional Weyl tensor on the brane
when the bulk space is not conformally flat [25–27]. ǫ = 1 and σ > 0 correspond to the
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RS brane model and a conformally flat bulk corresponds to C = 0. Redefining
GN =
3ǫσ
4πM6
, ρc = −2σ , Λeff =
Λ
2
+
ǫσ2
3M6
, (4)
and ignoring the effective cosmological constant on the brane, i.e., letting Λeff = 0, we
have
H2 =
8πGN
3
(
ρ− ρ
2
ρc
)
+
C
a4
. (5)
If C = 0, then H = 0 when ρ = ρc. This implies that a collapsing brane world-volume is
able to undergo a non-singular bounce [15]. When C = 0, the above corrected Friedmann
equation can also be obtained in loop quantum cosmology [28]. Note that nonlinear energy
density corrections to the Friedmann equation were also studied in Ref. [29]. Hereafter,
the natural unit where 8πGN = 1 will be adopted for simplicity. The stabilities of Einstein
static state solutions in positive curvature SS brane model have been studied in Ref. [13],
and a successful emergent universe has been obtained in both the C = 0 and C > 0 cases.
Since the present observation favors a flat universe strongly, a zero spatial curvature is
considered in this paper. In order to get Einstein static state solutions in the spatially
flat case, different from [13], here we assume a negative dark radiation term (C < 0).
By assuming that a scalar field rolling along its potential V is the only matter energy
component on the brane, the cosmic energy density and pressure can be expressed as
ρ =
1
2
φ˙2 + V , p =
1
2
φ˙2 − V , (6)
and the dynamics of the scaler field is governed by
φ¨+ 3Hφ˙+ V ′ = 0 . (7)
Differentiating Eq. (5) with respect to cosmic time t and using Eqs. (6, 7), one can obtain
H˙ = −
(
1− 2ρ
ρc
)
(ρ− V )− 2C
a4
. (8)
Combining Eq. (5) and Eq. (8), we have
a¨
a
= H2 + H˙ = −5H2 + 4C
a4
+ V + ρ− 2V ρ
ρc
. (9)
In the next section, a constant potential is considered, which is a good approximation if
the variation of potential is very slow with time.
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III. THE EINSTEIN STATIC STATE SOLUTION
The Einstein static state solution satisfies the conditions a˙ = 0 and a¨ = 0, which imply
a = aEs, H(aEs) = 0. (10)
Since C < 0, Eq. (8) shows that the existence of an Einstein static state solution requires
ρ < ρc
2
. From Eqs. (5) and (8), we find that, in a static state universe, the cosmic energy
density must satisfy
ρEs± =
1
8
(
ρc + 6V ±
√
ρ2c − 36ρcV + 36V 2
)
, (11)
which means that the number of Einstein static state solutions depends on the value of
the potential. When V < 0, there is only one solution with ρEs = ρEs+. When V = 0,
we have ρEs+ =
1
4
ρc and ρEs− = 0, and there is also only one critical solution in this
case since ρEs− = 0 is ruled out by Eq. (5). For a positive potential V > 0, the physical
meaningfulness requires ρ2c − 36ρcV + 36V 2 ≥ 0, which leads to V ≤ 16(3 − 2
√
2)ρc or
V ≥ 1
6
(3 + 2
√
2)ρc. However, the existence of static state solutions requires ρ <
ρc
2
. As a
result, V ≥ 1
6
(3+2
√
2)ρc should be discarded. If 0 < V < Vcrit where Vcrit ≡ 16(3−2
√
2)ρc,
there are two Einstein static state solutions:
aEs = aEs+, aEs = aEs−, (12)
with
1
a4Es±
=
−1
32C
(
ρc + 12V − 12
V 2
ρc
±
(
1− 2V
ρc
)√
ρ2c − 36ρcV + 36V 2
)
. (13)
Once V = Vcrit, these two solutions coincide with each other and there is only one equi-
librium point. Using Eq. (5), we can express ρ in terms of a and H
ρ =
ρc
2
−
√
ρc
(
3
C
a4
− 3H2 + ρc
4
)
. (14)
Consequently, Eq. (9) becomes
a¨
a
= −5H2 + 4C
a4
+
ρc
2
−
(
1
2
− V
ρc
)√
ρc
(
12
C
a4
− 12H2 + ρc
)
. (15)
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Now we study the stability of critical points. For convenience, we introduce two vari-
ables
x1 = a , x2 = a˙ . (16)
It is then easy to obtain the following equations
x˙1 = x2 , (17)
x˙2 = −5
x22
x1
+ 4
C
x31
+
1
2
ρcx1 −
(
1
2
− V
ρc
)
x1
√
ρc
(
12
C
x41
− 12x
2
2
x21
+ ρc
)
, (18)
With these variables, the critical points of static state solutions correspond to x1 = aEs,
and x2 = 0. According to the Lyapunov’s method, the stability of a critical point is
determined by the eigenvalues of the coefficient matrix resulting from linearizing the
system described by the above two equations near the critical point. After a careful
calculation, we obtain the eigenvalue λ2
λ2 = −12 C
a4Es
+ V + 12
C
a4Es
ρc − 2V
ρc − 2ρEs
+
(ρc − 2V )ρEs
ρc
. (19)
If λ2 < 0, the corresponding equilibrium point is a stable center point, otherwise it is a
saddle one. Substituting Eqs. (11) and (13) into the above equation, one has
λ2
±
=
ρ3c − 38ρ2cV + 108ρcV 2 − 72V 3 ± (ρ2c + 12ρcV − 12V 2)
√
ρ2c − 36ρcV + 36V 2
2ρc(−3ρc + 6V ±
√
ρ2c − 36ρcV + 36V 2)
, (20)
with λ± corresponding to aEs± or ρEs±, respectively.
For the case V ≤ 0, there is only one critical solution aEs = aEs+. Its eigenvalue is λ2+.
Fig. (1) shows that λ2+ < 0, which implies that this critical point is stable. In Fig. (2),
we plot the phase portraits in (a,H) plane for the case V ≤ 0. From this figure, one can
see that aEs+ represents the center point and the universe can stay at the stable state
eternally. If a initiates from close to the center point, the universe will undergo an infinite
oscillation represented by circles around aEs+.
If 0 < V < Vcrit, there are two Einstein static state solutions: aEs = aEs+ and aEs =
aEs−, which coincide each other and become unstable when V = Vcrit. The eigenvalues
of aEs+ and aEs− are λ
2
+ and λ
2
−
, respectively, which are shown in Fig. (3). We find that
7
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FIG. 1: The eigenvalue for the case V ≤ 0.
λ2+ < 0 and λ
2
−
> 0. Thus, aEs = aEs+ is a stable center point, while aEs = aEs− is a
saddle one. Fig. (4) gives the phase portraits in (a,H) plane for the case of 0 < V < Vcrit
with different initial values of a. The solid point denotes the stable center point. The
dotted curve represents a separatrix of stable region and unstable one, and the saddle
point occurs at the point where the separatrix self-intersects. If a is close to the stable
center point initially, the universe may undergo an infinite oscillation, which is shown
as the solid circle in Fig. (4). If trajectories pass above the saddle point, the universe
collapses and then bounces into an inflationary era. If V > Vcrit, there is no stable critical
point. As shown in Fig. (5), only a bounce scenario is obtained.
For the purpose of avoiding the big bang singularity using the emergent scenario, we
assume that V → constant < Vcrit when t → −∞ and a is close to the stable center
point initially. Thus, the universe can stay at the stable state past eternally. In order
to render the universe evolve from this stable state to an inflation phase naturally, we
further require that the potential increases very slowly from the infinite past so that it
reaches V = Vcrit at a certain point as time goes on. As shown in Fig. (6), with the scalar
field climbing up its potential slowly the stable point moves closer and closer to the saddle
one. Once the potential reaches the critical value Vcrit, the stable critical point coincides
with the saddle one and it becomes unstable. Then the universe enters an inflationary
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FIG. 2: The phase portraits in (a,H) plane for V ≤ 0. The parameters are set as ρc = 1, C = −1,
and V = −0.01. There is a stable Einstein static state universe at a = aEs+. The red solid point
denotes the stable center point. Circle trajectories correspond to the cases of a differing from
the stable central point initially. The arrow represents the direction of time evolution. The axes
have been compactified using the relations x(t) = arctan(H) and y(t) = arctan(ln a).
epoch.
IV. AN EMERGENT POTENTIAL
In this section, we propose a potential of the scalar field which successfully realizes a
spatially flat emergent universe, i.e., a potential that avoids the big bang singularity and
naturally leads to inflation,
V (φ) = V0
(
1 + tanh
(− φ
c1
))
+ V1
1
1 + cosh( φ
c2
)
, (21)
where V0, V1, c1 and c2 are constants. In Fig. (7), we plot the evolutionary curve of this
potential with model parameters being V0 = 0.1, V1 = 0.2, c1 = 2 and c2 = 3.1. This
potential is completely different from the one given in [3] for a spatially closed emergent
universe. This is because in the spatially flat SS braneworld the potential is required to
be a constant in the asymptotic past and then increase slowly to ensure that the universe
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FIG. 3: The eigenvalues λ2+ and λ
2
− for 0 < V ≤ Vcrit. Red point corresponds to V = Vcrit.
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FIG. 4: The phase diagram in (a,H) plane for 0 < V < Vcrit. The parameters are set as ρc = 1,
C = −1, and V = 0.018. The red solid point denotes the stable center point. The dotted curve
represents a separatrix of stable region and unstable one, and the saddle point occurs at the
point where the separatrix self-intersects. Different curves correspond to the cases of a with
different initial values. The arrow represents the direction of time evolution. The axes have
been compactified using the relations x(t) = arctan(H) and y(t) = arctan(ln a).
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FIG. 5: The phase diagram in (a,H) plane for V > Vcrit. The parameters are set as ρc = 1,
C = −1 and V = 0.03. There is no stable static state solution. A bounce scenario is obtained.
The arrow represents the direction of time evolution. The axes have been compactified using
the relations x(t) = arctan(H) and y(t) = arctan(ln a).
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FIG. 6: The evolutions of the stable point and unstable one with the scalar field climbing up its
potential slowly.
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exits naturally from an Einstein static state, rather than drops slowly from its original
Einstein static value as that is required in the spatially closed case considered in [3].
Substituting this potential into the scalar field equation and Eq. (9), and solving nu-
merically these two equations, we can get the evolutionary behaviors of the cosmic scale
factor. In Fig. (8), we show our numerical results with different initial values of a. As ex-
pected, if a coincides with aEs+ given in Eq. (13) initially, the universe stays at the stable
Einstein static state (a = aEs+) past eternally, whereas if a is close to aEs+ initially, the
universe undergoes an infinite oscillation. These are shown in the left panel of Fig. (8) as
the dotted and solid lines, respectively. With the scalar field climbing up its potential, the
stability condition (V < Vcrit) of Einstein static state solution is broken and the universe
exits from its stable state. When the scalar field rolls over the maximum value of its
potential, it enters a slow-roll era and the universe begins to inflate. As shown in the left
panel of Fig. (8), after a long enough period of exponential expansion the universe can
exit gracefully from inflation.
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*
FIG. 7: The evolution of the potential given in Eq. (21) with model parameters being V0 = 0.1,
V1 = 0.2, c1 = 2 and c2 = 3.1. Black star represents the critical value Vcrit.
However, if V > Vcrit or the initial value of a significantly deviates from the stable
center point, as those are shown as the dot-dashed and dashed lines in the right panel
of Fig. (8), then a bouncing universe is obtained in accordance with the results given in
Figs. (4, 5).
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FIG. 8: The phase portraits in (a,H) plane with the potential given in Eq. (21). The arrow
represents the direction of time evolution. The blue dotted and red solid lines in the left panel
correspond to the cases with the initial value of a coinciding with and being close to the stable
center point, respectively. In the right panel the purple dashed and black dot-dashed lines
correspond to the cases of the initial value of a significantly deviating from the stable center
point and V > Vcrit, respectively. The model parameters are set as V0 = 0.1, V1 = 0.2, c1 = 2,
c2 = 3.1, C = −1 and ρc = 7.5 except for the black dot-dashed line, where ρc = 6 is chosen.
V. CONCLUSIONS
Emergent scenario suggests that our universe originates from an Einstein static state
universe rather than a big bang singularity. It thus provides a way to resolve the big bang
singularity problem. However, the original idea of an emergent universe is not successfully
implemented in classical general relativity, since there is no stable Einstein static state
solution. With the effect of quantum gravity, extra dimension, modified gravity and so
on taken into consideration, it has been found a stable Einstein static state universe can
be obtained in both positive and negative spatial curvature cases. However, the present
cosmological observations seem to favor a spatially flat universe. So, in this paper, we
study the stability of Einstein static sate solutions in a spatially flat universe. The SS
braneworld scenario with a negative dark radiation term is considered in our discussion.
We find that, when the potential of the scalar field, which is assumed to be the only matter
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energy component, is negative or zero, there is a stable Einstein static state solution. For
the case 0 < V < Vcrit, there are two critical solutions. One is a center equilibrium point,
and the other is a saddle one. Therefore, when V < Vcrit, the universe can stay at a stable
state eternally. If the scale factor a is close to the stable center point initially, the universe
may undergo an infinite oscillation until the potential reaches a critical value Vcrit. When
V = Vcrit, the stable center point coincides with the saddle one and becomes unstable.
As a result, the universe can exit the Einstein static state as the scalar field climbs up its
potential slowly.
We also propose an example of such a potential that successfully implements an emer-
gent universe in a spatially flat universe. However, we must point out that here we only
discuss the stability of Einstein static state solution against the homogeneous perturba-
tions and whether the universe can enter the inflation era naturally with the potential we
propose. Extending our stability analysis to the case of the inhomogeneous perturbations
as well as studying other aspects of the potential, such as the power spectrum generated
and so on, are interesting further topics and will be left for future investigations.
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